Self-organization, resulting from the locking of two different family eigenmodes in a CO 2 laser, is investigated in a coupled longitudinal and transverse approach. We show that within the near-field region the spatial evolution of the transverse pattern along the propagation axis involves bistability and symmetry breaking. The dynamics of prelocking, already suggesting the locked pattern to come, is also described.
I. INTRODUCTION
The description of laser transverse patterns in terms of the empty cavity eigenmodes proved to be a successful method to interpret self-organization and spatiotemporal dynamics in lasers ͓1-5͔. Various cases of transverse dynamics involving low-order transverse-mode interactions, have shown that in the first approximation the dynamics arise from the frequency beating of the transverse modes ͓1,3-5͔. It has been shown that nonlinearity of the gain medium may lead to stationary patterns resulting from cooperative frequency locking ͓6͔; due to their nonlinear coupling several transverse modes lock to a common optical frequency and particular phase differences are selected ͓7-9͔. In the resulting stationary pattern, amplitudes and relative phases of the interacting modes are determined by the minima of the generalized free energy of the system ͓10,11͔. Different but equally possible locking phases between modes lead to a coexistence of various spatiotemporal behaviors of the pattern in which the locked modes, considered as nonlinear eigenmodes or supermodes ͓5͔, continue to interact with the other modes. In this way, it has been pointed out that spatial multistability in lasers that may originate, for example, from transverse-mode locking, is promising for optical information processing applications like pattern recognition and associative memory ͓12,13͔.
In this paper we present experimental investigations on three-dimensional self-organization resulting from transverse-mode locking. We focus on the peculiarities of locking when the modes under consideration belong to different transverse order families. Up until now only transverse self-organization in the cross section perpendicular to the propagation axis has been investigated. Here, we consider propagation effects, including the third dimension that is often neglected in theoretical studies, by introduction of the mean-field approximation. Our experiments show that the transverse pattern of the beam strongly depends on the longitudinal coordinate and that the mean-field approximation becomes irrelevant in explaining most of the observed patterns. Empty cavity eigenmodes will be used to describe these patterns, since they were shown to provide a good basis in this problem ͓14͔. More precisely, the pattern is developed on the eigenmodes of the empty cavity, and we neglect the changes in modal profiles due to nonlinear propagation effects. In this picture, we associate classical Gouy phase shifts to each of the cavity modes, and the nonlinearity arises from the coupling of the amplitudes of these modes via their common interactions with the active medium. This allows us to explain several features observed in the dynamics of transverse-mode locking; in particular, bistability and symmetry breaking between locked patterns with different spatial organization. We stress that this organization corresponds to combined longitudinal and transverse dependences. And this can be considered as an example of three-dimensional laser self-organization. This paper is organized in the following way. In the next section we recall the conditions in which the Gouy phase shift is relevant for the phase locking of transverse modes. The third section reports on the experimental setup. In the fourth one, we describe how mode locking selects stationary patterns and give the main characteristics of locking. Finally, the dynamics of a regime observed ͑prelocking͒ just before locking, which lets us foresee the locking phase, is investigated in Sec. V.
II. GOUY PHASE INFLUENCE ON THE LOCKING OF TRANSVERSE MODES
To clarify our approach, let us first recall briefly the general scenario leading to locking. Consider the simplest case of a laser that simultaneously emits two different transverse modes. Assume that the modes are close in their optical frequencies but that their frequency difference ⌬ is continuously tunable. Different optical frequencies of the modes give rise to spatial intensity modulation in their overlap region, i.e., modes beat. Beating results in spatiotemporal evolutions of transverse pattern, since they have different transverse intensity distributions. When ⌬ is large, their nonlinear coupling is weak, and spatiotemporal dynamics is well described by linear mode composition in which their relative phase is a linear function of time. When ⌬ is de-creased, modes become more strongly coupled and, below a critical value ⌬ c , they can lock to a common optical frequency, resulting in a stationary pattern. Locking stops the beating at a particular phase difference, depending both on the active medium and the geometric properties of the cavity, and consequently selects a particular pattern. While locking its modes, the laser ''chooses the most favorable pattern'' that minimizes the free energy of the system ͓1͔.
To our knowledge, only transverse-mode locking within one transverse family has previously been demonstrated experimentally ͓7,8͔. Let us recall that modes with frequency mn , where n and m are the transverse indices, are frequency degenerated for nϩmϭq ͑family index͒ in a resonator having a D 2 symmetry. Note that this degeneracy is often lifted by the residual astigmatism of the cavity. For example, in the case of locking between the TEM 01 and TEM 10 modes belonging to the qϭ1 family, the laser chooses a /2 locking phase that results in a doughnut pattern ͓7͔; the locked pattern intensity is constant and its transverse profile is invariant in free propagation from the near to the far field. Among all allowed mode compositions within this family, i.e., with different locking phases, that one corresponds to an energetically optimum intensity distribution. The locking of modes within one transverse family results from emission energy maximization that can be seen as an example of laser selforganization in the transverse plane ͓14͔. Higher-order doughnut modes, resulting from the locking of higher-order flower modes, also reveal a /2 locking phase ͓9͔. Note that the envelope of the transverse profile of two beating modes is equivalent to a stationary two-mode profile with a /2 locking phase ͓15͔. It means that locking of the same transverse-order modes at a /2 phase difference does not change the integral picture of the emission.
In order to simplify this study without loss of generality, let us consider a cavity of length L where the transverse extension of the beam is restricted in one direction to that of the fundamental mode. In such a cavity, the electromagnetic field envelope of a one-dimensional TEM n mode is expressed as
where A n (x) is the modal function, is the radius of the beam, and R(z) is the curvature of the phase front. ϭ(n ϩ1)arctan(z/Z R ) is the longitudinal Gouy phase shift for the TEM n mode. Z R is the Rayleigh length and n is the transverse index of the Hermite-Gauss mode ͓16͔. x and z are the transverse and longitudinal coordinates, respectively ͑the origin zϭ0 is taken at the beam waist plane͒.
According to Eq. ͑1͒, the on-axis z phase difference between two different transverse modes is written as
where ⌬n is the transverse-order difference and 0 ϭ⌬(z ϭ0). The first term ⌬kz accounts for the difference in their wave numbers.
Following our experimental situation, let us consider two one-dimensional Hermite-Gauss TEM 0 and TEM 4 modes, the transverse intensity profiles of which are shown in Fig.  1͑a͒ . Figure 1͑b͒ gives their relative frequency position; they must have two successive longitudinal mode numbers so as to be closely spaced. When they are frequency degenerated, i.e., when they have the same optical frequency, ⌬kϭ0 in Eq. ͑2͒ and their relative phase is time independent. The Gouy phase dependences for these modes are plotted in from 0 to 2 when going from the waist to the far field. It is well known that the greatest part of its change occurs within the Rayleigh range. The description of the Gouy phase shift defined for empty cavity eigenmodes remains valid here, since active cavity eigenmodes are quite identical to empty cavity ones, as in most gas lasers ͓17͔. Since the relative phase is responsible for the intensity distribution of the transverse pattern, this distribution alternates from in-phase to antiphase mode composition as a function of z ͓Fig. 2͑b͔͒. It is worthwhile to mention here that the pattern is the same in the near and far fields, since the total phase variation is 2 ͓Fig. 2͑c͔͒. Let us recall that, as modes belonging to the same transverse family have the same Gouy phase, the resulting pattern remains invariant in propagation. Therefore, such effects are unexpected in the case of mode locking in the same q family. On the contrary, the phase difference between different order transverse modes changes during propagation and one can speak about relative phase only for a given value of z. Figure 2 assumes that the phase difference 0 between the modes in the plane of the beam waist (zϭ0) is equal to zero, but one could expect that 0 is determined by the laser's free-energy minimum principle and one should take it into account in the expression of the z dependence of the intensity distribution.
III. EXPERIMENTAL SETUP
Experimental investigation of mode locking was achieved using a grating tuned CO 2 laser with a linear hemispheric cavity (Lϭ0.5 m͒ having an outcoupling mirror of 1-m radius of curvature, thus providing the degeneracy between the nϭ0 and nϭ4 transverse modes. In this particular arrangement the Rayleigh range just fits the cavity length L, implying that interactions with the active medium occur within this range. Indeed, the active medium is located between z ϭ0.15 m and zϭ0.483 m (zϭ0 is taken in the center of the grating͒. The beam extracted from the zeroth order of diffraction gives access to the image of the near-field pattern, and we have checked that the patterns in both sides of the cavity agree well with each other. This supports the assumption of quite negligible changes in the modal profiles induced by nonlinearities. An intracavity slit is used to allow oscillation only of the Hermite-Gauss TEM n modes and the Fresnel number of the cavity is controlled by a second intracavity aperture. The frequency difference ⌬ between modes is roughly tuned by a change of the cavity length, i.e., by translation of the grating on the centimeter length scale. Detuning of the modes relative to the gain line center is controlled by a fine translation of the grating with a piezoelectric transducer working in the micrometer range. The acquisition data system consists in a two-dimensional scanner followed by a fast Hg-Cd-Te detector ͑bandwidth ϳ400 MHz, i.e., larger than spacings between interacting modes͒, which allows the integrated transverse intensity profile to be recorded. A full picture of one pattern ͓e.g. , Fig 3͑a͔͒ is recorded in 10 ms that corresponds to the sweeping time of the scanner. The transverse size of the pattern compared to the detector area gives a resolution of approximately 500 points per profile. The temporal evolution of a particular point of the intensity distribution may easily be addressed by means of the servocontrolled scanner.
Let us give at first an overview of the observed phenomena as a function of the frequency difference ⌬ between modes:
͑i͒ When modes TEM 0 and TEM 4 that are well separated ͑several MHz͒, the laser displays dynamics of trivial mode beating, leading to an intensity modulation at the frequency difference, as clearly visible in the regions of mode overlapping in Figs. 3͑a͒ and 3͑f͒. ͑ii͒ When ⌬ is then decreased to less than 1 MHz, ''prelocked'' dynamics discussed below in Sec. V is observed ͓Figs. 3͑b͒ and 3͑e͔͒.
͑iii͒ A further decrease of ⌬(200Ͻ⌬Ͻ500 kHz͒ leads to mode locking, and transverse patterns show that temporal modulation stops ͓Figs. 3͑c͒ and 3͑d͔͒.
This scenario remains the same for decreasing values of the detuning as well as for a cavity length larger or smaller than a critical length, i.e., the cavity length for which the ''kϩ1,4'' mode and the ''k,0'' mode coincide. However, the locking phase exhibits bistability and depends on whether the cavity length is tuned below or above the degenerate length L d . As we are interested in self-organization as a consequence of mode locking, let us first discuss case ͑iii͒.
IV. MODE-LOCKING STATIONARY PATTERN SELECTION
Mode-locked states display patterns stationary in time. First, note that they are not stationary in space, i.e., the transverse pattern evolves along the z axis due to the difference in Gouy phases discussed in Sec. III.
To check experimentally the influence of the mode parity on the locking phase 0 , we have focused our attention on FIG. 3 . Experimental evolution of the transverse profile resulting from the coupling of the TEM 0 and TEM 4 modes versus cavity length: ͑a͒,͑f͒ far from degeneracy, ͑b͒,͑e͒ in prelocked states, and ͑c͒,͑d͒ in locked states. ͑a͒-͑c͒ and ͑d͒-͑f͒ have been recorded on each side of the degenerate length, respectively. two examples with ⌬nϭ4 and ⌬nϭ7. In each case we have measured the phases to check whether the /2 phase relation observed in the qϭ1 family is universal or not.
The pattern of Fig. 3͑c͒ corresponds to modes with the same parity (⌬nϭ4). Figure 4 reports several transverse patterns obtained for the same ⌬ but for different values of z. We used here an imaging system by extracting the zeroth order of diffraction from the grating in order to detect the transverse distribution. Figure 4͑a͒ is identical to Fig. 3͑c͒ and corresponds to zϭ0.04 m.
Near-and far-field patterns observed close to the grating show bistability corresponding to two different values of 0 . They have been deduced from a least-squares fit based on a linear expansion of the transverse pattern on the two modal functions. The fit shows that 0 is sensitive to the relative mode amplitude. The mode weight ratio has then been taken as a parameter of the fit and has been varied experimentally by blocking progressively with an intracavity iris the emission of the TEM 4 mode that has a transverse extension larger than the TEM 0 . Estimation of the relative phases from transverse cross sections gives 01 ϭ40Ϯ5°and 02 ϭ100Ϯ5°f or a weight ratio equal to 0.9/1. These values can be shifted up to 10°and 120°, respectively, for a ratio of 1 3 . The modes of Fig. 3 have the same parity (⌬nϭ4). To investigate the influence of the parity on the symmetry of the locked profile, we show in Fig. 5 an example of locking between modes of different parity, namely TEM 0 and TEM 7 , with two successive axial indices. The resonator length is fixed here at 0.61 m to reach their frequency degeneracy using the same output coupler. Transverse profiles in prelocked and locked states are given in Figs. 5͑b͒-5͑e͒. They show the same behavior as previously shown, except that the locking phases are different. We measured 01 ϭ45Ϯ5°and 02 ϭ80Ϯ5°or supplementary values Ϫ 0 , depending on cavity alignment. The most interesting result of this study is that, due to the different mode parity, the locked profile becomes asymmetric with respect to the z axis ͓Fig. 6͑a͔͒. In the near field the intensity distribution is no more symmetric but the maximum of the intensity profile alternates on each side of the laser axis as a function of z ͓Fig. 6͑b͔͒.
In the vicinity of the exact degeneracy, the two locked patterns are bistable. After briefly blocking the intracavity beam, depending on initial conditions, emission starts at random on one of two possible patterns. It is worthwhile to mention here that temporal bistability is equivalent to spatial bistability, i.e., to a translation along z of the transverse intensity distribution. Indeed, changing the value of 0 by ␦ in the waist plane has the same effect as a shift of the pattern from abscissa z to zϩ␦z where the Gouy phase is shifted by the same quantity ␦. Thus when emission starts, the laser hesitates between two longitudinal intensity distributions along its active medium. A possible explanation of the bistable behavior in terms of free-energy minima could be found in an extension of the model developed in Refs. ͓10,11͔ to transverses modes associated with different longitudinal indices, in a situation where the mean-field approximation is removed.
The ''potential wells'' of the bistable behavior seem not very deep, since a rich variety of other dynamical regimes like low-frequency self-switching between the two locked patterns ͑with 01 and 02 , respectively͒ have been observed. Figure 7 gives an example of irregular antiphase switchings between bistable patterns obtained for cavity lengths corresponding to frequency degeneracy. The lowfrequency alternation shown in Fig. 7 is recorded by two small area detectors placed in two different points of the transverse profile, resulting from the coupling of the TEM 0 and TEM 4 modes, in such a way that the ''high-'' ͑''low-''͒ level signal of the upper trace corresponds to one of the two patterns ͑the other͒, whereas in the lower trace ''high'' and ''low'' signals correspond to the same patterns but in an opposite sense. Such an arrangement in measurements allows for clear distinction between switches of locked profiles from fluctuations of unlocked modes to be made. Since a change of ⌬ 4 translates the transverse profile from a given z position to another one along the longitudinal direction, it means that dynamics exhibited in Fig. 7 also corresponds to longitudinal ''jumping'' or ''wandering'' of a given transverse profile from one transverse plane to another one. Here, this effect could originate from low-frequency technical perturbations in the resonator, but exact reasons were not explored in our experiment.
V. PRELOCKED DYNAMICS
In the intermediate domain between the locked and unlocked states, there exists a detuning range in which the laser exhibits a dynamical regime that we will call ''prelocked'' and that is considered in the following. It is characterized by full ͑100%͒ modulation of the emitted intensity whose transverse distribution follows very closely that of the locked state. Let us discuss this regime that sets up starting from the independent ͑mode beating͒ situation. We have observed that in this particular situation of coupling, the envelope of the dynamical pattern resembles that of the locked one. To show evidence of this behavior, let us consider the different steps shown in Fig. 3 for both sides of the degenerate cavity length:
͑i͒ Far from frequency degeneracy ͑beat frequency larger than several MHz͒, the transverse cross section exhibits the trivial beating effect between the TEM 0 and TEM 4 modes ͓Figs. 3͑a͒ and 3͑f͔͒, as discussed above. Figures 3͑a͒ and  3͑f͒ show that the intensity modulation is weaker in the outer peaks of the pattern since the transverse extension of these modes is different. Wherever mode overlapping is negligible, e.g., at each nodal point of the high-order mode, a zero-beat signal is obtained. More generally, we have observed that at each point of the transverse cross section the depth of the intensity modulation is linked to the mode weight ratio, as expected from a linear theory.
͑ii͒ When ⌬ is decreased to less than 1 MHz, the intensity modulation across all patterns increases continuously ͑e.g., without bifurcation point͒ and just before locking reaches nearly 100% ͓Figs. 3͑b͒ and 3͑e͔͒. That is due to the fact that the growing strength of the nonlinear mode coupling triggers oscillation of the modal amplitudes, as was previously demonstrated for the two doughnut modes ͓3,18,19͔. This effect is generally superimposed on the mode beating discussed above. Nevertheless, mode amplitude modulation is clearly measurable in the outer part of the pattern where mode overlapping ͑mode beating͒ is negligible ͓see Figs. 3͑b͒ and 3͑e͔͒. Transverse patterns in prelocked states on both sides of the degenerate cavity length and in locked states, corresponding to the two different bistable phases discussed above, may be compared in Figs. 3͑b͒-3͑e͒ . It is very remarkable that already in this prelocked state the envelope resembles that of the locked pattern to come ͓Figs. 3͑c͒ and 3͑d͔͒. The same behavior resulting from coupling between the TEM 0 and TEM 7 modes is shown in Fig. 5 . This behavior may be explained in the following way: when mode beating is observed far from locking ͑when amplitude modulation is quite negligible͒, the average transverse cross section does not depend on the phase difference between the two modes since it is fixed by the choice of the time origin. Just before locking, when the modal amplitudes begin to oscillate, their phases are not independent. They are coupled and the particular value of 0 that is selected has a strong effect on the pattern. Both mode amplitudes oscillate synchronously, and we have observed that they display a maximum at the phase difference 0 that corresponds to the locking phase and a minimum at 0 ϩ. Thus the resulting envelope of the pattern is defined by 0 and the laser power is maximum at that energetically favorable phase difference.
Nonlinearity of the gain medium may also lead to selfinduced temporal oscillations of the modal intensities ͓20͔.
In the narrow range of detuning where prelocking is reached, locking may occur via period doubling followed by chaotic regimes. Figure 8 shows an example of a chaotic prelocked profile resulting from the coupling of the TEM 0 and TEM 4 modes. Note that chaos is not always observed because chaotic windows are usually very narrow for CO 2 lasers, as mentioned in Ref. ͓19͔ . Let us emphasize that even in this range, when the dynamics in one transverse point of the pattern is quite complicated, the overall profile of the prelocked FIG. 7 . Oscilloscope traces showing random self-switching between bistable locked patterns resulting from the coupling of the TEM 0 and TEM 4 modes. Two detectors were placed in the transverse pattern so that ''high-'' and ''low-'' level signals from first and second detectors, respectively, correspond to one locked state, whereas in the opposite sense these correspond to the other one.
pattern remains similar to that of the locked counterpart ͓see Figs. 8͑a͒ and 8͑b͔͒ . The most surprising conclusion of this study is that emission remains phase sensitive and selforganizes itself, so as to be stronger at one particular locking phase, showing the robustness of this main property.
VI. CONCLUSION
We have shown here the major role played by the optical phase in laser transverse dynamics. First, because of the Gouy phase shift, the phase difference between coupled modes is not constant along the laser axis and the resulting organization is three dimensional. This leads, in particular, to patterns stationary in time but varying in space along the laser cavity axis. The resulting pattern self-adjusts the optical phases so as to minimize a free-energy potential and exhibits symmetry breaking if the interacting modes have different parity. Spatial bistability that originates from transversemode locking gives rise to different transverse patterns.
We have also shown that the spatial phase coupling may alter the dynamics in the intermediate domain between locking and unlocked regimes. In the corresponding prelocked regime, the mode amplitudes oscillate so it may also be considered as a specific phase dependence.
